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Summary. The operation of the multicompartmental frog skin epidermal model 
10E described in the preceding paper was tested to find out by computer simulation 
whether it responds to changes in [Na +] in the same manner as frog skin. In the 
range from 5 to 115 mra [Na+]o, the rate of net Na + flux across skin is known to 
increase. The results can be fitted to Michaelis-Menten's law of reaction kinetics, 
or, alternately, to Hoshiko's linear function, plotting flux vs. log [Na+]o . Model 10E 
simulated the laboratory results on skin, provided that the rate coefficients at the 
site of entry of Na + into the system were varied in exactly the same manner as 
they actually were found to vary in skin. In model studies, Na + backflux (outflux) 
decreased with increasing [Na+]o, contrary to observations on skin. This discrepancy 
may be related to adaptive reactions in skins (decrease in permeability) when [Na+]o 
is lowered, a feature that has not been modeled. It is known that the skin p.d. changes, 
mostly, by approximately 35 mV per decade change in [Na+]0 . Model 10E gave very 
nearly the same result when the rate coefficients for entry of Na + were changed as 
mentioned above (i.e., varied exactly as they were found to vary in skin). Skin and 
model 10E behaved similarly in that, at [Na+]0 = [Na+]i = 115 mM, the extent to which 
labeling with Na* from the outside (12%) and from the inside (88%) is possible was 
the same. Model data are presented which show in which way the Na + pools, [Na +] 
in the individual compartments, and intercompartmental fluxes changed with changing 
[Na+]o . Because of lack of experimental data on skin for comparison, these calculated 
results are purely hypothetical, but they are not unreasonable. 

W h e n  isolated f rog  skin is m o u n t e d  between two oxygena ted  f rog  

Ringer ' s  solutions,  one  observes  a net  t r anspo r t  of NaC1 in the direct ion 

f r o m  the epidermis  to the co r i um  [9]. This  results f r o m  an  active inward  

t r anspo r t  of N a  +, with C1- fol lowing passively [23]. The  rate  of net  N a  + 

t r a n s p o r t  (J~") is app rox i m a t e l y  1 gEquiv  x c m -  2 x h r -  1. W h e n  the [Na + ] 

on  the ep idermal  side (outside) is lowered,  the ra te  of act ive inward  N a  § 

t r a n s p o r t  and  of 3~ a is f ound  decreased  [3, 22]. A p lo t  of J~" vs. [Na+]o 

suggests sa tu ra t ion  kinetics of the act ive N a  + t r a n s p o r t  process.  The  
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electrical skin potential changes, ideally, by 58 mV per decade change in 
[Na+]0 [14]. More often, however, the skin potential changes by less than 
58 mV; a value of approximately 35 mV has been reported by several 
investigators [2, 7, 15-17, 21]. 

The difficulties in interpreting these findings from the standpoint of 
epidermal structural-functional relationships arise from the fact that the 
skin is a rather complex multicompartmental organ. Neither the location 
of the active Na + transport mechanism (the Na + pump) nor the pathways 
that ions travel across the skin are clearly established. Consequently, all 
efforts to describe the kinetics of ion flows across the skin must remain 
speculative until the functional significance of the many structural compo- 
nents is no longer in doubt. The simplest hypothesis is to assume that all 
but one compartment in the epidermis, the Na § transport compartment, 
need be considered [5]. Along this line several interesting studies have been 
published [2-4, 6, 18, 19], although even with this oversimplified assump- 
tion, no clear evidence has been provided as to the location of this Na + 
transport compartment within the multilayered epidermis. Another hypo- 
thetical approach for kinetic analysis is to design a more realistic model, 
based on histological and experimental facts. There are at least four distinct 
but interconnected compartments within the epidermis: 1) the subcorneal 
space; 2) the "first reacting cell layer" (1. RCL); 3) the remaining epithelial 
cells; and 4) the extracellular space (see preceding paper for references). 
Since direct experimental measurements on N a  + flows in and across such 
an epidermal multicompartmental system, for the present, are beyond 
approach, we have recently attempted to gain detailed information on the 
operation of such a system by computer simulation. The operation of the 
model, designated earlier [10] as model 10E, simulated to a remarkable 
degree the facts as we know them from studying Na § transport in frog 
skin. 

It was the aim of the present study to use this same model 10E to simu- 
late the response of frog skin to changes in [Na+]o, both in regard to changes 
in transepithelial Na + flux rates and to changes in electrical skin potential. 
By doing this we were again able to obtain detailed information on the 
operation of the model, and especially to observe the associated changes in 
individual Na + pools, and the [Na +] in the various compartments for 
steady-state conditions. 

1. The Model 10E 

The basic model used in this study is in all respects identical to model 
10E described earlier [10]. Compartments 1 and 7 in Fig. 1 of the preceding 
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paper [10] correspond to "outside" (o), and "inside" (i) solution in skin 
experiments. Subscripts 1 (o) and 7 (i) are used interchangeably in the 
following text and illustrations. 

2. The Models 22 through 32 

In the eleven models designated by numbers 22 through 32 only the 
initial conditions and the k13 and k3~ values differed from those used in 
10E. In influx studies the $1 values chosen were: S~ = 25 (model 22); 57.5 
(23); 100 (24); 150 (25); 200 (26); 250 (27); 300 (28); 350 (29); 400 (30); 
450 (31); and 500 (32). This is equivalent to varying [Na § ]1 from 5 mM (22) 
to 100 mM (32). All other S j s =  0 at t=  0. In outflux studies, $7 = 575 
([Na+]7 = ll5mM); all other SSs=0  at t=0 .  In net f lux studies, S~ was 
varied as stated above, and $7 = 575. Rate constants (rain- 1): k13 = 0.000152, 
k31=0.49 (model 22); k13=0.000126, k3~=0.46 (23); k13=0.000098, 
k31=0.436 (24); k13=0.000076, k31=0.40 (25); kaa=0.000060; ka1= 
0.368 (26); k13 = 0.000048; k31 = 0.34 (27); k13 = 0.000038; k31 = 0.314 (28); 
k13 = 0.000032; k3~ = 0.286 (29); k13 = 0.000026; k31 = 0.264 (30); ka3 = 
0.000024; kal = 0.24 (31); k13 = 0.000022; kal = 0.222 (32). The reason for 
choosing these values will be given in Section 5 a. 

3. Flow Equations and Solutions 

The six simultaneous linear differential flow equations describing the 
operation of the models, both in conventional and matrix form are given 
in the preceding paper [10]. Estimations for the amounts of Na § in 
the compartments (S-values) were obtained by the use of an IBM 360 
computer with application of the Continuous System Modeling Program 
(CSMP). The integration interval was 0.01 rain. Print-out data were collected 
for 30 rain at 0.2-rain intervals, which was in all cases sufficient to achieve 
steady-state conditions. The data were printed out in 5, and in some cases 
in 7 decimals when the absolute values of Sj were small. A computational 
error analysis is presented in the Appendix. 

4. Calculations 

Transmembrane Steady-State Na + Flux Rates 

These were calculated in two ways with nearly identical results, the 
difference in results amounting to no more than 1%. (a) Calculations by 
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directly using the difference of the 30-min and the 25-min print-out numbers. 
(b) Calculations by using the integrated steady-state flux Eqs. (8) and (9) 
given in the preceding paper [10]. Flux rates are given as gEquiv x cm-z x 
hr -  1. 

Steady-State Flux Rates for Na + Between Individual Compartments 

These were obtained by applying the equation J =  k x S, using the 
appropriate k and steady-state S values, e.g., J12 = klz �9 $1. Then (J12 -J21) 
is the net flux between compartments. 

Steady-State [Na + ] in the Individual Compartments 

This was calculated as SjlVj, where Sj is the print-out number read at 
t = 30 min, taken as gEquiv Na § in compartment j, and Vj is the correspond- 
ing compartmental colume (see model 10E), assumed to remain constant. 

Na + Pool Fraction of the Individual Compartments 

This was calculated as Sji/Sj,, where Sj~ is the 30-min steady-state 
print-out number in compartment j under influx initial conditions, and 
Sj ,  is the print-out number under net flux initial conditions. 

Total Na + Pool Fraction; V23 

Similarly, a value for ~$2 iS3 ~$4 ~$5 i/SSz,S3,SgnS5, was calculated. 
For calculation of the electrical potential difference between compartments 
2 and 3 (subcorneal space/1. RCL) the equation V23 = 58 log [Na+]z/[Na+]3 
was used. The assumption is made that, as postulated by Koefoed-Johnson 
and Ussing [14], the outward facing membrane of the 1. RCL behaves 
like a Na + permselective membrane. 

5. Results 

(a) Choosing Rate Constants for Entry of Na + 

The experimental data underlying this study are those of Ussing [22], 
Cereijido, Herrera, Flanigan and Curran [3] and Koefoed-Johnson and 
Ussing [14]. At the site of entry of Na + into the Na + transport compartment 
(Cereijido et al.'s compartment No. 2), both k21 and, more so k12, decreased 
with increasing [Na+]o. Because these data are most essential for the present 
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Fig. 1. Dependence of rate coefficients k for entry of Na + on [Na+]o, i.e. [Na +] at the 
epidermal side of the skin. klz and k21 are the rate coefficients at the outer border in 

Cereijido et al.'s three-compartment model [3, 5] 

work, the results given in their Table 1 are plotted in Fig. 1. The curves are 
drawn by eye. From these graphs we have calculated by what factors ka2 
and k21 change when [Na+]o is varied from 5 to 115 raM, assigning to the 
k12 and k21 at 115 mM a relative value of 1.0. Such factors were calculated 
for [Na+]~ varying in the steps given in Section 2. It should be noted that 
by applying these factors to model 10E, experimentally established numbers, 

not arbitrary ones, were put to use. The k2t values are afflicted with a 
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Table 1. Steady-state changes in eIectrical potentiai (A V23), and net Na + flux values 
(J~a) resulting from decreasing [Na +]1 from 115 to 11.5 mM" 

Model 19 b Model 23 Model 21 
changing only changing only changing k12 , k21 
k12 , k21 k13 , k31 and k13, k31 

klz 0.00101 ~ 0.00016[ Model 10E 0.00101 
k21 18.4 a 8.0 ] 18.4 

k13 0 00002~ 0.000126 0.000126 012 IModell0E 
ks1 0.46 0.46 

[Na+]z 29.99 10.50 29.96 

[Na+]s 2.14 2.87 3.26 

V23 66.5 32.7 55.9 

z~ V23 --6.7 e --40.6 -- 17.4 

j~a  1 "-* 7 0.22 0.43 0.54 

a [Na+]7 = 115 mM. k-values not listed in the table are given in the text for 10E, section 1. 
b k's in rain-1;  [Na +] in m~;  V in mV; Jn Na in gEquiv x cm -z  x hr-1.  
c 0.00016 x 6.3 =0.00101. 
a 8.0 x 2.30 = 18.4, where the factors are obtained from Fig. 1 as explained in the text, 
Section 5 a. 
~ Vz3 for the case [Na+]l = [Na+]7= 115 mM is 73.3 mV; Vz3 =58 log [Na+]z/[Na+] a. 
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Fig. 2. Dependence of steady-state net Na + flux on [Na+]0 . (A) Double reciprocal plot. 
(B) j~a vs. [Na+]o . Solid l i n e = p l o t  of Eq. (7). [] and e, experimental data as quoted 

in A 
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considerable SEM, but  these data are the only ones that are presently available. 

What  is arbitrary, however, is that we have applied the factors to pathway 
1 ~ 3, and not to 1 ~ 2 in model 10E shown in Fig. 1 of ref [10]; e.g. 

according to Cereijido et al. [3] at [Na+]o = 50mM, k~z was 2.4 x k~2 for 

[ N a + ] ~ = l l 5 m M ;  and k21 was  1.70xk2~ for [ N a + ] ~ = l l 5 m M .  These 

factors, when applied to model 10E, pathway 1 ~ 3, give for ks 3 = 0.000048 

and for kal = 0.34. The changes in rate constants for pathway 1 ~ 3, with 

changes in [Na+]l given in Section 2 were obtained in this manner. The 

reason why the pathway t ~ 2 was not considered altered is given by the 
data in Table 1. Here, results are shown which were obtained when altering 

pathway 1 ~ 2 only; or 1 ~ 3 only; or both 1 ~ 2 and 1 ~ 3. Referring to 

skin, the experimental facts are that when [Na§ = 11.5 m u  and [Na+]~ = 
l l 5 m i ,  the net flux of Na  § is close to 0.4 ~tEquiv • c m - 2 •  hr -~ (see 
Fig. 2B), and the open skin potential increases by approximately 35 mV. 

These results are best simulated by changing ka 3 and ka i. We have proceeded, 

therefore, under the assumption that by varying [Na+]l, the pathway 

1 ,--, 3, i.e., the rate of flow of Na  § via the cornified layer and the cell 

junctions into or out of the 1. RCL, is primarily affected. The computer 

runs on models 19 and 21 (Table 1) showed that during steady state 

[Na+]2 > [Na+]~ with continuing net inward Na + flux. It seemed to us 
that a concentration profile as seen in model 23 merits preferred attention. 

(b) Dependence of Na + Flux on [Na+]1 ("outside" [Na+]o). Net Flux 

By varying [Na+]l from 5 to 115 mM and by applying the appropriate 

changes to the k13 and k3, values as explained in Section 5a, data were 

obtained from which the rates for influx, backflux and net Na + flux were 

calculated. We report here only the results on net flux and backflux. From 

this the influx rates can be calculated, if desired, using Table 2. 

Table 2. Dependence of steady-state Na + backflux (J~) on [Na+]l ~ 

Model No. 22 23 24 25 26 27 

[Na+]l, m i  5 11.5 20 30 40 50 
j~a, tlEquiv/(cm 2 • hr) 0.026 0 .025  0 .024  0 .023  0 .021 0.021 
j~a in % J~a 11.0 5.4 3.7 2.9 2.4 2.2 

Model No. 28 29 30 31 32 10E 

[Na+]l, mM 60 70 80 90 100 115 
J~ ,  taEquiv/(cm 2 • hr) 0.020 0 .018  0 .018  0 .017  0 .016  0.015 
Jb Na in % j/Na 2.1 1.8 1.8 t.6 1.4 1.2 

a [Na+]7 in all cases 115 mM. Values for d/Na and Jb Na were rounded out to 3 decimals. 
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N e t  F l u x .  Figs. 2 and 3 show the results on changes in net flux. In 
Fig. 2A the double reciprocal plot of 1/ i f ,  a VS. 1/[Na+]o was chosen to show 
the dependency of flux on [Na+]o. Actual laboratory results published by 
Ussing [22], and by Cereijido e t  al. [3] are compared with results obtained 
by computer simulation. The calculated linear regression equations are 
as follows: 

Data of Ussing: 

1 1 
=0.92 + 21.95 + 7 - -  ; 

o 3 [ N a  
r=0.992. (1) 

Data of Cereijido e t  al. : 

1 1 
j,N-----;- = 0.76 + 14.20 [Na+ ] ~ - - - ~ ;  r=0.999. (2) 

Data by computer simulation: 

1 l 
= 0.68 + 20.44 + 7 - -  ; r = 0.998. (3) 

o j [ N a  

These equations may formally be looked upon as Lineweaver-Burke 
plots of the Michaelis-Menten equation 

1 1 K,.  1 
jnNa -- N ~  + N ~  */max J~ax [Na+]o (4) 

Rearranging Eqs. (1), (2) and (3) yields 

Jy" = 1.067 [Na+]~ (Ussing) (5) 
23.34+ [Na+]o 

and 

J~" = 1.280 [Na+]~ (Cereijido et al.)  (6) 
18.01 + [Na+]o 

[Na+]~ (computer models) (7) J .= 1.391 38.00+ [Na+]o 

where the numbers in front of the fractional term are the N, J~lax values, and 
the numbers in the denominator are the apparent Michaelis-Menten con- 
stants. Eq. (7) is plotted in Fig. 2B (solid line). Also shown are the actual 
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Fig. 3. Dependence of steady-state net Na + flux on [Na+]o . j Na is plotted against 
log [Na+]o 

results obtained by Ussing [22], and by Cereijido et al. [3]. As can be seen 
from Fig. 2A and 2B, model 10E, with appropriate changes in k13 and k31 
to give models 22 through 32, describes reasonably well the dependence of 
net Na + flux (1 ~ 7) on [Na+]0. It should be mentioned that the experi- 
mental conditions chosen by Ussing and by Cereijido et al. were not the 
same. Ussing measured fluxes across the electrically "open"  skin, and he 
increased [Na+]o by adding NaC1 in substance. From his influx and oufflux 
data, we have calculated net flux rates. Cereijido et al. used short-circuited 
skins and replaced NaC1 on both sides in certain steps by choline chloride. 
Nevertheless, the results from both laboratories are quite similar. 

The dependence of net Na + flux on log [Na+]o is shown in Fig. 3 from 
which it again seems that model 10E responds to changes in [Na+]0 very 
similar to the way in which frog skin epidermis responds. This plot is based 
on considerations by Hoshiko [8]: 

Z~=gE=58glog( [K+]c ) +58glog[Na+]o 
[Na+]c [K+]~ 

(8) 

where L is the short-circuit current (net Na + flux in skin between Ringer's 
solution), and g is the skin conductance. Since [K+]c increases with in- 
creasing [Na+]c, although not in a simple stoichiometric relationship [11], 
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the fraction term in the equation may well remain fairly constant; and if 
one concurs with Hoshiko's assumption that g remains constant, the net 
Na + flux should be a linear ftmction of [Na+]o. At any rate, when the net 
flux data of Ussing [22], and Cereijido et aL [3], as well as those of models 
10E and 22 through 32 were plotted in this way, the graphs shown in Fig. 3 
were obtained. The linear regression equations (r = 0.994) for these rela- 
tionships are: 

j Na= 

j~a= 

jNa= 

- 0.32 + 0.62 log [Na +]o (Ussing) (9) 

-0.20+0.67 log [-Na+]o (Cereijido et al.) (10) 

- 0.29 + 0.70 log [Na + ]o (computer models). 

Backflux. The rate of steady-state Na + backflux (j~a) decreased with 
increasing [Na+]a (Table 2). Net loss from compartment 7 was nearly the 
same as net gain in compartment 1, adding what enters from 2 ~ 1 and 
from 3 ~ 1. The difference in the two results did not exceed 2.3 % (10E). 
Net loss from 7 slightly exceeded the gain in 1. We attribute this, mainly, 
to errors in computing. Ussing [22] and Kirschner [13] found that Na + 
outflux (backflux) increases with increasing outside [Na+]o. A possible 
reason for this discrepancy will be discussed in Section 6. 

(c) Changes in Compartmental [Na + ] 

From the steady-state Na + pool sizes in compartments 2, 3, 4 and 5 
under net flux conditions, values for the [Na +] in these compartments were 
calculated as explained in Section 4. [Na+]7 was 115 mM in all cases, but 
[Na+]t varied from 5 m g  (model 22) to 115 mM (model 10E). The results 
are shown in Fig. 4. [Na+]z, [Na+]3 and [Na+], slightly increased with 
increasing [Na+]o. In all cases [Na+]3 (1. RCL)~[Na+]4  (remaining 
epithelial cells). [Na+]5> l l5mM, i.e. the solution in compartment 5 
(extracellular space) was hypertonic with respect to the "inside solu- 
t ion" in compartment 7. For [Na+]o=5mM, [Na+]5=l16.72mM; for 
[Na+]o = 115 mM, [Na+]5 = 125.37 mM. [Na+]2 rose sharply with increasing 
[Na+]o. However, [Na+]2 (and [Na+]3) remained always below [Na+]0 . 
The dashed line in Fig. 4 shows how [Na+]2 would have to change to attain 

[Na+]z = [Na+]o . 

(d) Changes in Electrical Potential (Vz3) 

For [Na+]l = l l .5mM, [Na+]z, and [Na+]3 were 10.50 and 2.87mM, 
respectively. For [Na+]l = l l5mM, [Na+]2 and [Na+]3 were 102.73 and 
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Fig. 4. Dependence of steady-state [Na +] in compartments 2, 3, 4, and 5 of the model 

membrane Fig. 1 shown in Fig. 1 of ref. [10], on [Na+]o 

5.61 mM, respectively. If the border between compartments 2 and 3 is 
assumed to be Na + permselective, V23 = 32.6 mV for the lower [Na+]l, and 
73.3 mV for the 10-times higher [Na+]~. Thus, there is an increase in Vz3 
of 40.7 mV. Fig. 5 shows the results obtained on all models, and the linear 
regression line is also given. The 40-mV change per decade change in [Na+]~ 
agrees well with measurements on frog skin when changing [Na+]o under 
a variety of solution conditions [2, 7, 15-17, 21]. The deviations of the com- 
puter data from the regression line are probably related to the fact that 
the k13 and k3t values were calculated with the help of curves shown in 
Fig. 1, which were drawn by eye (see Section 5 a). 
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Fig. 5. Steady-state values for V23 when [Na+]o increases from 5 to 115 mM. V23 is the 
electrical potential across the border between compartments 2 and 3 in the model mem- 
brane, assuming Na + permselectivity at this level, i.e., of the membrane between the 

subcorneal space and the 1. RCL 

(e) Steady State Na + Pool Fractions at Varying [Na+]l 

(see also Section 4) 

For  model 22, the following Na + pool values (SSs, ~tEquiv) were read 

from the computer print-out data: During influx ( [Na+h = 5 mM; [Na+]7 

= 0), $2 ~= 0.0004514; $3 ~ = 0.0004057; $4~ = 0.0039880; $5 i = 0.0009994. 

During baekflux ([Na+]a = 0; [Na+]7 = 115 mM), Szb = 0.0000145; Sab = 

0.0006420; Sgb = 0.22722; $5 b = 0.0573620. During net flux ([Na+]l = 5 mM; 

[Na+]7 = 115 raM), $2,  = 0.0004658; S a , =  0.0010477; $4,  = 0.23121 ; Ss ,  = 
0.0583618. In all cases (S~+Sjb)= S~,. From these data, effective Na  + 

pool fractions Sj ~/S~, were calculated. They were, during influx: $2 dS2, = 
96.89%; S3~/S3,= 38.72%; S4~/S4.=1.72%; S5dS5,=1.71%. During 

baekflux: $2b/$2,= 3.11%; $3b/$3,= 61.28%; $4b/$4,= 98.27%; $5~/ 
$ 5 ,  = 98.29 %. In practice, rates for influx and backflux are carried out  by 
the use of isotopically labeled Na*. If such an "exper iment"  were done on 
model 22 membrane, thought to be in steady state with respect to " c o l d "  
Na  + ([Na+]l = 5 mM; [Na+]7 = 115 raM), and assuming that the specific 
activities of Na* (a) in compartments 1 and 7 are equal (a~ = a7 = 1.0), the 

steady-state values for cr2, a3, a4, and ~5 during influx and backflux would 

be fa~ and f'aT, where f and f '  are the percent values of the Na  + pool 
fractions given above. 

Similar calculations were carried out for all other models studied, 
varying [Na+]l from 11.5 to 115 raM. We see no need to tabulate all results 
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models 22 and IOE. Figures at the arrows give net flux values in ~tEquiv • hr -1. Foreward 
and backward fluxes at each level were as follows: Model22, influx: J12=0.2389; 
J21=0.2166; J13=0.2269; J3~=0.0119; J23=0.0271; J32=0.0049; J34=0.0010; 
J43=0.0012; ,/35=0.2434; J53=0.0060; J4s=0.1196; J54=0.1199; J57=0.2398; JTs = 
0.0027. Backflux: J12=0.0001; J21=0.0070; Jla=0.0001; J31=0.0189; J2a=0.0009; 
Ja2=0.0077; ,]34----0.0015; J4a=0.0682; J3s=0.3852; Jsa=0.3442; J45=6.8166; Js4 = 
6,8834; J57=13.7669; JTs=13.7929. ModellOE, influx: J12=5.5139; J21=4.9243; 
J]a=0.6892; J31 =0.0257; ,/23=0.6155; Ja2=0.0257; J34=0.0051; J43=0.0063; Jas= 
1.2862; Js3=0.0317; J4s=0.6319; Js4=0.6335; J57=1.2671; JTs=0.0143. Backftux: 
Ja2 = 0.00007; J2~ ---- 0.00710; J13 = 0.00001 ; J31 = 0.00792; J23 = 0.00089; Ja2 = 0.00792; 
Ja4=0.00158; J43=0.06822; J35=0.39613; Jsa=0.34444; J45=6.82200; J54=6.88884; 

J57 = 13.77768; J75 = 13.79297 

in detail; they are summarized in Figs. 6 and 7. The blackened areas in 
Fig. 6 give the size of the Na  § pool fractions for models 22 and 10E. The 

top illustration in Fig. 7 gives values for total Na  § pool fractions, calculated 

as XS2~Sa~S41SsJXS2, S3,S4. Ss. (influx), and Y, S2bS3bS,~bSsb/ 
2: $2,  $3,  $4 n $5,  (backflux). Ordinates in the stippled areas give the percent 
pool fractions, at varying [Na+]~, during influx (1 ~ 7); the difference 
between these values from 100% give the percent pool  fractions during 

backflux (7--, 1). At [Na+]~ = 5 mM ([Na+]7 = 115 mM, model 22) the total 
Na  + pool  fraction during influx is 2.0 %, during backflux 98.0 %. At [Na + ] ~ = 
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Fig. 7. Steady-state Na + pool fractions in individual compartments 2, 3, 4, and 5 as a 
function of [Na+]o during influx and backflux conditions. Fractions are given as % of 
the Na + pool obtained during steady state under net flux conditions. Top of illustration: 
Total pool fraction calculated by adding individual steady-state Na + pools during influx 

(backflux) and dividing by total Na + pools during net flux 

115 mM ([Na + ] 7 = 115 mM, model  10 E) the cor responding  values are 11.9 %, 

and 88.1%, respectively. This agrees well with data  on frog skin where it 

was found  that  only  10 to 12% of the skin can be labeled with Na*  when 

applying Na *  f r om the epidermal  side [1, 4, 6, 18, 19]. 
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(f) Intercompartmental Steady-State Na + Fluxes at Varying [Na+]l 

From the steady state Na + pool sizes (S j) and the assumed k values 

(Sections 1 and 2), inward and backward rates for fluxes of Na + between 

compartments were calculated for all models used. For example, J~2 = 

k~zS~, and J2~ =k21Sz.  The difference between these flux values gave a 

value for net Na § flux between compartments. The numbers at the arrows 

in Fig. 6 give values for net flux of Na + between compartments in models 22 

and 10E; i.e., for the lowest and the highest [Na+]~ considered in this 

study. The rates for inward and backward fluxes between compartments 

for the two models are given in the legend of Fig. 6. In all models a portion 

of the Na § entering the transmembrane Na § pump compartment 3, recycled 
between 3 ~ 5 ~ 4 ~ 3. 

From Table 3e it can be seen that in both models, 22 and 10E, only 

about 0.1% of the Na § which entered the transport compartment 3 (via 1, 

2, 4) under influx conditions recycles, and 99.9 % comes directly and in- 

directly (via 2) from "ou ts ide"  compartment 1. Under backflux conditions, 

about 61% (model 22) and 78% (model 10E) of the Na § entering the 

transport compartment 3 is recovered from loss towards the outside by 

recycle; 39% and 22%, respectively, are lost towards the outside. Finally, 

Table 3. Steady-state rates of Na + recycling between compartments 3 ~ 5 ~ 4 ~ 3, and 
transmembrane Na + flux rates 

Model 22 Model 10E 

(a) Transmembrane influx (jNa) 
(b) Transmembrane backflux (J~a) 
(c) Transmembrane net flux (J~") 

(d) Net rate of Na + entry into 3 ~ 
Influx condition b 
Backflux condition c 
Net flux condition a 

(e) Net rate of Na + recycling 
Influx condition 
Backflux condition 
Net flux condition 

laEquiv x cm -2 x hr -1 ~tEquiv x cm -2 x hr -1 
0.237 1.254 
0.026 0.015 
0.211 1.239 

I~Equiv x hr -1 txEquiv x hr -1 
0.2372 1.2552 
0.0667 0.0666 
0.2785 1.3061 

in % of values given under (d) 
0.08 0.10 

61.47 77.63 
24.01 5.19 

a In influx from compartments 1, 2 and 4. In backflux from compartment 4. 
b Model22: [Na+]l=5mM; [Na+]7=0mi. ModellOE: [Na+] l=l l5mi ;  [Na+]7= 
0 m M .  

Models 22 and IOE: [Na+]l ---- 0 mM; [Na +]7 = 115 raM. 
d Data not illustrated as those in Fig. 6. Model22: [Na+]l--5 mM; [Na+]7= 115 mi.  
Model IOE: [Na+]l = 115 raM; [Na+]7 = 115 mM. 

6 J. Membrane Biol. 15 
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under net flux conditions, with Na + moving from 1 ~ 7, 24% of the Na + 
entering 3 recycles, and 76 % comes from the outside in model 22. In model 
10E the corresponding figures are: 5% of the Na + recycles, and 95% 
entering 3 comes from the outside. 

6. Discussion 

In the preceding paper [10] we have pointed out that in model 10E the 
needed rate coefficients were chosen in such proportion to each other that 
the function of the model was in agreement with several laboratory observa- 
tions made on frog skin. In a system with as many as 14 unknown rate 
coefficients, it should always be possible to achieve simulation of laboratory 
data by changing several or all variables simultaneously, but the result 
thus obtained would be of little or no interest. On the other hand, if a 
change in only one of the seven pairs of rate coefficients selected for model 
10E should lead to results which are in good agreement with laboratory 
facts, the conceptual and heuristic aspects of this model, we believe, merit 
attention. It is with this in mind that we have challenged the operation of 
model 10E. 

(a) Transmembrane Flux Rates, and V23 at Varying [Na + ] 

The experimental data on frog skin (see Sections 5 b and 5 d) show that 
Na + influx and net flux, and, to a lesser degree Na + backflux, increase 
with increasing [Na+]o until at [Na+]0~ 115 mM a certain maximal flux 
value is obtained. For skins of the European frog species, and Rana pipiens, 
the maximal net flux value is approximately 1 I~Equiv • cm- 2 x hr-  1. The 
skin potential increases, mostly, by approximately 35 mV for a 10-fold 
increase in [Na+]o. The results obtained with the model 10E simulate these 
results very closely, if one lets the parameters k13 and k31 change with 
[Na+]~ in the manner as has been experimentally established by the work 
of Cereijido et al. [3]. These authors have obtained values for the rate 
constants at the site of entry of Na + by assuming a three-compartment 
model in which the epidermis is treated as the middle compartment, located 
between outside and inside fluid compartments. As mentioned in Section 5 a, 
we have used their data in a somewhat biased fashion in that we have let 
only kla and k31 change with [Na+]a, but kept k12 , k2~ (and all other k's) 
as in 10E. At this time we can justify this by pointing out that only then, 
and not by also changing k12 and k2~, model 10E behaved as does skin 
epidermis, both in regard to flux and p. d. changes. This coincidence suggests 
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that perhaps in frog skin the pathway 1 ~ 3 is more affected by changing 
[Na+]o than in pathway 1 ~ 2. Pathway 1 ~ 3 is from: outside so lu t i ono  
cornified layer/cell junctions ~ cell fluid of the 1. RCL. Pathway 1 ~ 2 is 
from: outside solution ~ cornified l aye r~  fluid in the subcorneal space. 
There is, then, a greater structural asymmetry involved in pathway 1 ~ 3 
than in pathway 1 ~ 2. Schultz [20] has pointed out that passive asymmetri- 
cal fluxes may be seen in cases of flow of material across membranes of 
structural heterogeneity. Simple Fickean diffusion alone does not describe 
the forward and reversed flux kinetics, and this is the way frog skin seems 
to behave at the level of entry of Na + into the skin [3]. By the same reason- 
ing, for the present, no influence of a structural asymmetry at the level 
between compartments 2 and 3 has been considered, although this needs 
to be investigated. 

In regard to the use of Eqs. (4) and (8) to describe the dependence of 
net Na § flux across the skin and the model membrane, it should be said 
that both equations lack adequate theoretical and factual support to make 
their use inevitable. They are, however, useful empirical models forpresenta- 
tion of results in a quantitative manner. 

(b) Transmembrane Backflux at Varying [Na + ] 1 

The results given in Table 2 show that the rate of Na + backflux decreases 
with increasing [Na+]l. This is in apparent disagreement with laboratory 
studies on electrically open-circuited [22], or short-circuited [13] frog skin. 
In either case it has been found that backflux (outflux) increased with 
increasing [Na§ There are, presently, very few experimental data available 
to resolve this issue. A possible explanation, however, is the following one: 
Ussing [22] has pointed out that during the first hour after changing from 
[Na+]o = 115 m ~  to 1 mM, Na § oufflux remains high. Only after a consider- 
able lag period of 1 to 2 hr a decrease in backflux is observed. He suggests 
that this may be a biologically useful adaptation reaction, with permeability 
change in skin. To model this feature, i.e., adaptability of the skin to low 
[Na+]0 leading to flux changes, certain k coefficients in model 10E would 
have to be altered with respect to time. 

(c) [Na + ] and Na + Pool Fractions at Varying [Na+]l 

By varying [Na+]l from 5 to l l5mM, [Na+]2 (subcorneal space) in 
steady-state conditions was always less than [Na+]l. The difference 
[Na+]z - [Na+]l increased with increasing [Na+]l (Fig. 4). It may be 

6* 
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possible to test this prediction by puncturing the subcorneal space in skin 
epidermis. [Na+]a also was found to be less than [Na+]l at all [Na+]l 
values tested. This means that in all cases Na § entered the system in the 
direction of a falling [Na +] gradient. We do not wish to imply that in skin 
electrical potentials are not also involved in the movement of Na § but for 
the present, these forces are not reflected separately from the chemical 
potentials in the assumed k (or the associated apparent permeability) 
coefficients in model 10E. Studies along these lines are a challenge for the 
future. We do not see insurmountable difficulties in such modelling work. 
Here, as in the case of adaptability (see above), the question is whether 
there are sufficient electrical data available to be applied to the multi- 
compartmental model 10E. 

Model 10E is in agreement with observations on skin, in that only 
about 12 % of the total Na + in the epidermal system could be labeled with 
Na* at [Na+]l= [Na+]7= 115 mM. For the case [Na+]1 = 5 m i  and 
[Na+]7--115 m i  this labeling fraction was 2%. This prediction could be 
tested on skin. 

Appendix 
Computational Error Analysis 

(1) A preliminary check on the numerical accuracy of the CSMP calcu- 
lated numerical solutions to the differential equations of model 10 E revealed 
that the differential equations [10] were not satisfied to a high enough 
degree of accuracy. The inaccuracy seemed to be mostly in compartment 1, 
where a relatively large initial condition was used. We first thought that 
this was due to the inaccuracies of using very small numbers in the variable 
step size Runge-Kutta numerical integration scheme. When changes in the 
minimum integration interval failed to alleviate the problem, we decided to 
multiply the derivatives of the functions by an appropriate constant just 
before the numerical integration, then divide by this same constant immedi- 
ately after the numerical integration, a procedure suggested to us by H. P. T. 
Corley, Department of Biometry. The constants used were: 100 (for com- 
partment 5), 1,000 (for compartments 2, 3 and 4), and 10,000 for compart- 
ments 1 and 7. 

This procedure yielded solutions which satisfied the differential equa- 
tions quite well. As a check we used the number 1.0 for all compartments, 
rather than the factors given above, and obtained results almost as good as 
when the much larger numbers were used. At this point we felt the need 
for an independent check of the accuracy of our computations. We proceeded 
as follows. 
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The differential equations we used can be written in matrix from as 
follows: 

2 = K x  
with solution [12] 

x = exp (K t) Xo 

where Xo is the vector of initial conditions and K is the matrix of rate 

coefficients k. We programmed directly in Fortran, double precision: 

/ K 2 t z 
exp(Kt )=~I+Kt+-~- .  +...) 

where I is the identity matrix, and found that these calculated solutions 

agreed "exac t ly"  with the solutions using the constant multipliers above. 

This approach required much less computer time than the CSMP runs and 

may, therefore, be an alternative to CSMP for these types of differential 

equations. Unfortunately, we do not  have a satisfactory explanation at 

this time of the fact that factors of one were almost as good in CSMP as 
were factors of powers of ten. 

(2) A comparison of Fig. 6D with Fig. 3 (lower right) of the preceding 
paper [10] reveals a discrepancy in the data for net flux out of compartment 

7, and into compartment 1. Here, as in model 12G [10], we were led to 

attribute this to the fact (page 58 of the preceding paper) that compartment 

5 was not  quite near steady state. From the data shown in Fig. 6D (where 

a much smaller discrepancy still exists) we must now conclude that the 

main reason for the discrepancy noted in Fig. 3 of the previous paper is 

attributable to greater computational errors, which we have now overcome, 

as explained above. 

This work was supported by NIH Grants GM-03545-19 and 5K06GM 16,687-10. 
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